Planar graphs without cycles of length 4, 5, 8, or 9 are 3-choosable  by Wang, Yingqian et al.
Discrete Mathematics 310 (2010) 147–158
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Planar graphs without cycles of length 4, 5, 8, or 9 are 3-choosableI
Yingqian Wang a, Huajing Lu a, Ming Chen b
a College of Mathematics, Physics and Information Engineering, Zhejiang Normal University, Jinhua, 321004, China
b College of Mathematics and Information Engineering, Jiaxing University, Jiaxing, 314001, China
a r t i c l e i n f o
Article history:
Received 9 August 2007
Received in revised form 13 May 2009
Accepted 13 August 2009
Available online 26 August 2009
Keywords:
Planar graph
Cycle
Choosability
Colorability
a b s t r a c t
It is shown that a planar graph without cycles of length 4, 5, 8, or 9 is 3-choosable.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
In 1979, P. Erdös et al. [3] completely characterized 2-choosable graphs. They conjectured that every planar graph is
5-choosable and that there are planar graphs that are not 4-choosable. More than one decade later, Voigt [11] constructed
a planar graph that is not 4-choosable; Thomassen [9] proved that every planar graph is 5-choosable. Thus, on choosability
of planar graphs, it remains to determine whether a given planar graph is 3- or 4-choosable. In 1996, Gutner [4] proved that
these problems are NP-hard. Thus, sufficient conditions for a planar graph to be 3-choosable or 4-choosable are of interest.
Previous sufficient conditions on 3-choosability of planar graphs, as far as we know, may be summarized as follows.
Theorem A. A planar graph is 3-choosable if it has no
• (Alon and Tarsi [1]) odd cycles; or
• (Thomassen [10]) 3-cycles or 4-cycles; or
• (Lam et al. [5]) 3-, 5-, or 6-cycles; or
• (Zhang and Wu [18]) 4-, 5-, 7-, or 9-cycles; or
• (Zhang and Wu [19]) 4-, 5-, 6-, or 9-cycles; or
• (Shen and Wang [8]) 4-, 6-, 8-, or 9-cycles; or
• (Wang et al. [15]) 4-, 7-, 8-, or 9-cycles; or
• (Wang et al. [16]) 4-, 6-, 7-, or 9-cycles; or
• (Montassier et al. [6]) 4- or 5-cycles or two triangles at distance less than 4; or
• (Montassier et al. [6]) 4-, 5-, or 6-cycles or two triangles at distance less than 3.
This paper adds to Theorem A a new result:
Theorem 1. A planar graph without cycles of length 4, 5, 8, or 9 is 3-choosable.
Note that there are planar graphs without cycles of length 4 or 5 known to be not 3-choosable, see [6,7,12].
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Together with previous related results in this direction, this paper completes the following two theorems on
3-choosability and 3-colorability of planar graphs without some small cycles.
Theorem B. Planar graphs without cycles of length 4, i, j, or 9 with i < j and i, j ∈ {5, 6, 7, 8}, are 3-choosable, see
[8,15,16,18,19].
Theorem C. Planar graphs without cycles of length 4, i, j, or k with i < j < k and i, j, k ∈ {5, 6, 7, 8, 9}, are 3-colorable,
see [2,8,13–19].
In the rest of this paper, the material is organized as follows. In Section 2, we introduce some terminology and notation.
In Section 3, we investigate some forbidden structures in inseparable plane graphs without cycles of length 4, 5, 8, or 9
and some forbidden structures in minimal non-3-choosable plane graphs. In Section 4, we show that there exists at least
one inseparable plane graph possessing structural properties investigated in Section 3 if Theorem 1 is false. However, in
Section 5, by a discharging procedure, we prove that such a graph does not exist, a contradiction establishing Theorem 1.
Lastly, in Section 6, some further problems on 3-choosability of planar graphs are proposed.
2. Terminology and notation
All graphs considered here are finite, simple and undirected. Let G be a graph with the set of vertices V (G) and the set
of edges E(G). For a vertex v ∈ V (G), dG(v), or simply d(v), denotes the degree of v in G. Theminimum degree of G, denoted
by δ(G), is the minimum degree of vertices of G. A k-vertex is a vertex of degree k. Similarly, a k−- or k+-vertex is a vertex of
degree at most or at least k, respectively. If S ⊂ V (G), then G− S is the graph obtained from G by deleting all vertices in S. As
usual, G[S] is the subgraph of G induced by a subset S of vertices. Call a graph separable if it is not 2-connected; inseparable,
otherwise.
A planar graph is a graph that can be embedded in the plane so that its edges only meet at their ends. A plane graph is
any such a particular drawing of a planar graph. Let G be a plane graph, and F(G), the set of faces of G. For a face f ∈ F(G),
the boundary of f , denoted by b(f ), is the closed walk around f , and d(f ) denotes the number of edges on the boundary of
f , where each cut-edge is counted twice. A face f with d(f ) = k is a k-face; similarly, a face f with d(f ) ≥ k or d(f ) ≤ k is
a k+-face or a k−-face, respectively. The set of vertices on the boundary of f is denoted by V (f ). A vertex v and a face f are
incident if v ∈ V (f ). Two faces are adjacent if they have at least one boundary edge in common. A 3-face is often called a
triangle. A triangle T with vertices x, y and z is often said to be a T (d(x), d(y), d(z)). The number of triangles incident with a
vertex x is denoted by t(x). An edge e = xy is often said to be a (d(x), d(y))-edge. A k-cycle is a cycle of length k. A k-cycle or
a k-face is even if k is even. A face f is simple if its boundary is a cycle.
A proper coloring of a graphG is amapping from V (G) to a set of colors such that any two adjacent vertices receive distinct
colors. If G admits a proper coloring with the size of the set of colors not larger than k, then G is said to be k-colorable.
A list assignment L of G is a collection of lists of available colors which assigns each vertex v a list L(v). If G has a proper
coloring φ such that φ(v) ∈ L(v) for every vertex v, then we say that φ is an L-coloring of G, or G is L-colorable. A graph G is
k-list-colorable or k-choosable, if it is L-colorable for every list assignment L with |L(v)| ≥ k for all v ∈ V (G). Otherwise, G is
non-k-choosable. For a given list assignment L of G, if G is not L-colorable, then L is called a failing list assignment of G. Clearly,
if G is non-k-choosable, then there exists at least one failing list assignment Lwith |L(v)| ≥ k for all v ∈ V (G).
Note that a k-choosable graph is k-colorable. However, the converse is generally not true, see [3].
3. Forbidden structures
Two adjacent faces are normally adjacent if they have exactly two vertices in common. Clearly, the two vertices are
adjacent.
Lemma 1. Let G be a 2-connected plane graph with δ(G) ≥ 3. If it has no cycles of length 4, 5, 8, or 9, then it has none of the
following configurations:
C1. a 3-face adjacent to a 3-face;
C2. a 3-face adjacent to a 7-face;
C3. three pairwise adjacent faces where one is a 3-face and two are 6-faces;
C4. a 6-face adjacent to two 3-faces.
Proof. Note that every face in G is simple; that is, its boundary is a cycle because G is 2-connected. We only prove C3 since
the others can be similarly (even more easily) proved.
Claim 1. If a 3-face and a 6-face are adjacent in G, then they are normally adjacent.
Let T = xyz be a 3-face, and f = xyv1v2v3v4 be a 6-face adjacent to T in G, see Fig. 1(a). First, z 6= v1 since otherwise G
would have a 5-cycle C = xv1v2v3v4x. If z = v2, then zxv4v3v2 would be a 4-cycle in G. By symmetry, z 6= v4 and z 6= v3.
Thus, T is normally adjacent to f in G.
Claim 2. Two adjacent 6-faces in G must be normally adjacent.
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Fig. 1. Normal adjacency between faces.
a b c
Fig. 2. An SΘ , a twin and an s-twin.
Let f = xyv1v2v3v4 and f ′ = xyu1u2u3u4 be two adjacent 6-faces in G, see Fig. 1(b). Firstly, v1 6= u1 since otherwise
d(y) = 2 because G is simple and f and f ′ are faces, contradicting δ(G) ≥ 3. If v1 = u2, then v1yxu4u3u2 would be a 5-cycle
inG. If v1 = u3, then v1yu1u2u3would be a 4-cycle. If v1 = u4, then v1yu1u2u3u4would be a 5-cycle. So, v1 6∈ V (f ′). Similarly,
it is easy to check that v2 6∈ V (f ′), too. By symmetry, v3, v4 6∈ V (f ′). Therefore, f and f ′ are normally adjacent.
By Claims 1 and 2, we conclude that if one triangle and two 6-faces in G are pairwise adjacent, then they are normally
adjacent to each other, see Fig. 1(c). However, this implies that Gwould contain a 9-cycle, a contradiction. 
A graph G is said to be minimal non-3-choosable if it is non-3-choosable while every proper subgraph is 3-choosable.
Clearly, a minimal non-3-choosable graph is connected. Lemma 2 is an easy exercise (To prove (2), use the fact that even
cycles are 2-choosable).
Lemma 2. If G is a minimal non-3-choosable plane graph, then
(1) δ(G) ≥ 3;
(2) there is at least one 4+-vertex on the boundary of a simple even face in G. 
A θ-graph is a graph that consists of two 3-vertices and three pairwise internally disjoint paths between the two
3-vertices. Clearly, a k-cycle with one chord is a special θ-graph. We useΘ to denote such a special θ-graph. AΘ-subgraph
of G is an induced subgraph that is isomorphic to aΘ . Furthermore, we use SΘ to denote such a specialΘ-subgraph of G in
which one of the ends of its chord is a 4−-vertex and all of the other vertices are 3-vertices in G, see Fig. 2(a).
Lemma 3. A minimal non-3-choosable plane graph G does not contain any SΘ .
Proof. Let H be an SΘ in G, and let L be a failing list assignment of G with |L(v)| ≥ 3 for each vertex v ∈ V (G). Setting
G′ = G − V (H), the minimality of G implies that G′ admits an L′-coloring, say φ, where L′ is the restriction of L to G′. For
v ∈ V (H), let L′(v) = L(v) \ {φ(u)}, if v has a neighbor u 6∈ V (H); L′(v) = L(v), otherwise. If H admits an L′-coloring, then
we obtain an L-coloring of G, a contradiction.
Now, we are going to prove that H does admit an L′-coloring indeed. Without loss of generality, we may assume that the
chord of H , denoted by xy, is a (3, 4)-edge, and y is a 4-vertex in G. Let P = z0z1 . . . zk be a path in H with x = z0 and y = zk.
If L′(zi) \ L′(zi−1) 6= ∅ for some i ∈ {1, . . . , k}, choosing one color from L′(zi) \ L′(zi−1) to color zi, then we can properly
color the other vertices in order along the outer cycle of H (ending at zi−1). So, we may assume that L′(x) = {α, β, γ } and
L′(v) = {α, β} for v ∈ V (H) \ {x}. Now, H is clearly L′-colorable (first color x with γ , and then color all other vertices with
α and β alternatively along the outer cycle of H). 
A twin is a graph obtained from a special θ-graph by replacing two triangles instead of two 3-vertices, see Fig. 2(b). An
s-twin of G is a special vertex-induced subgraph that is isomorphic to a twin, where all other vertices are 3-vertices except
B and C that possibly are 4-vertices in G, see Fig. 2(c).
Lemma 4. A minimal non-3-choosable plane graph G does not contain any s-twin.
Proof. Let H be an s-twin in G, and let L′ be as stated as in the proof of Lemma 3. As in Lemma 3, we only need to show that
H is L′-colorable. Consider three cases as follows, see Fig. 2(c):
(1) |L′(B) ∩ L′(C)| = 0. Choose a color from L′(A) \ L′(C) to color A, then, color B, B′, . . . , E, F ,D,D′, . . . , C in order, getting
an L′-coloring of H .
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(2) |L′(B) ∩ L′(C)| = 1. Assume that L′(B) = {α, β} and L′(C) = {β, γ } where α 6= γ . We can first choose a color from
L′(D) \ L′(D′) to color D, and then color Bwith α, and then color B′ and all other vertices along the outer cycle of H in the
clockwise order until E ′, and then color E, F , A, C , C ′, . . ., D′, getting an L′-coloring of H .
(3) |L′(B) ∩ L′(C)| = 2. We can choose a color from L′(D) \ L′(D′) to color D and then a color from L′(A) \ L′(B) to color A,
and then color F , E, E ′, and all other vertices along the outer cycle of H in the anticlockwise order until D′, getting an
L′-coloring of H . 
4. Inseparability
Lemma 5. If there is a connected plane graph G having the following properties:
(1) δ(G) ≥ 3;
(2) no cycles of length 4, 5, 8, or 9;
(3) at least one 4+-vertex in V (f ) for every even face f of G;
(4) no SΘ;
(5) no s-twin,
then there exists at least one 2-connected plane graph having properties (1)–(5).
Proof. Let G be a connected plane graph satisfying (1)–(5). If G is 2-connected, we are done. Otherwise, let B be an end-block
of G with the unique cut-vertex u, and let f be such a face in G that b(f ) contains the boundary of the outer face of B, and
let v be a vertex of B other than u that lies on f . Take nine copies of B, say Bi for 1 ≤ i ≤ 9. In Bi, the vertices corresponding
to u and v are denoted by ui and vi, respectively. Then one can embed Bi for 1 ≤ i ≤ 9 into f in the following way. First,
let B = B1. Next, for 1 ≤ i ≤ 9, consecutively embed Bi into f by identifying ui with vi−1. Finally, identify v9 with a vertex
x, which is an arbitrary vertex in V (f ) \ V (B) if f contains only one end-block; otherwise, which is an arbitrary vertex in
V (f ) \ V (B) belonging to another end-block. The resulting graph G′ clearly has fewer end-blocks than G.
We are going to show that G′ has the same structural properties (1)–(5) as G:
That G′ has properties (1) and (3) is obvious.
To see (2). Suppose that G′ contains a k-cycle, say C , for some k ∈ {4, 5, 8, 9}, then C 6⊆ G by the assumption to G. Clearly,
C 6⊆ Bi for 1 ≤ i ≤ 9. It follows that V (C) ∩ {u1, . . . , u9} 6= ∅. Consequently, all ui for 1 ≤ i ≤ 9 are in V (C), since C is
2-connected. Hence, |V (C)| ≥ 10, a contradiction.
To see (4) and (5). Suppose G′ contains an SΘ , sayH . Since G does not containH , andH is 2-connected, all ui for 1 ≤ i ≤ 9
are in V (H). Note that all ui are 4+-vertices in G′ since δ(G) ≥ 3 and B is 2-connected, i.e., dBi(ui) ≥ 2. It follows thatH has at
least nine 4+-vertices in G′, contradicting that H , as an SΘ of G′, has at most one 4−-vertex in G′. Similarly, G′ has no s-twin,
too.
Repeating the process described above, we can finally get the desired graph. 
5. Separability
Lemma 6. If G is a connected plane graph having the structural properties (1)–(5) stated in Lemma 5, then G is separable.
Proof. If G is not separable, then all of its faces are simple.We shall derive a contradiction by a discharging procedure. In the
procedure, the initial charge ch is defined as ch(x) = d(x) − 4 for all x ∈ V (G) ∪ F(G). Applying∑v∈V (G) d(v) = 2|E(G)| =∑
f∈F(G) d(f ), Euler formula |V (G)| − |E(G)| + |F(G)| = 2 can be rewritten as∑
x∈V (G)∪F(G)
ch(x) = −8.
Use ch′ to denote the final charge when the discharging procedure is over. During the discharging procedure, τ(x→ y)
denotes the charge discharged from an element x to another element y. Similarly, τ(x →) and τ(→ x) denote the total
charge discharged from or to x, respectively.
Since any discharging procedure preserves the total charge, we have
∑
x∈V (G)⋃ F(G) ch′(x) = −8. If we can produce a
discharging procedure such that ch′(x) ≥ 0 for every x ∈ V (G)∪ F(G), then 0 ≤ −8, a contradiction proving Lemma 6. 
5.1. Discharging rules
A light 6-face is a 6-face that is incident with one 4-vertex and five 3-vertices. Aminor 6-face is a light 6-face that shares
a (3, 3)-edge with a triangle. A heavy 6-face is a 6-face that shares a (4+, 4+)-edge with a triangle. Call a 3-vertex bad if it is
incident with a triangle; good, otherwise. A light 10-face is a 10-face that is incident with one 4-vertex and nine 3-vertices
and adjacent to five triangles. What follow are the discharging rules.
R1. The charge to a 3-vertex v
Let f be a non-triangular face incident with v. τ(f → v) = 12 , if v is bad; 13 , otherwise.
R2. The charge to a triangle T
R2.0. τ(v→ T ) = d(v)−4t(v) (≥ 12 ), if v is a 5+-vertex incident with T .
R2.1. Let f be a 6-face adjacent to T . τ(f → T ) = 0, if f is minor; 16 , if f is light but not minor; 23 , if f is heavy; 13 , otherwise.
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Fig. 3. Discharging rules.
R2.2. Let f be a 10+-face adjacent to T .
R2.2.1. If T is incident with at least one 5+-vertex, then τ(f → T ) =
(a) 14 , if T is adjacent to a minor 6-face;
(b) 16 , otherwise.
R2.2.2. If T is not incident with any 5+-vertex, then τ(f → T ) =
(a) 16 , if T is adjacent to a heavy 6-face, or f is a unique light face sharing a (3, 4)-edge with T ;
(b) 12 , if T is adjacent to a minor 6-face, or T is adjacent to at least one light face and share a (4, 4)-edge with f ;
(c) 13 , otherwise.
These discharging rules are illustrated in Fig. 3.
Remark. Let T be a T (3, 4, 4), and let f be a light 10-face sharing a (3, 4)-edge with T . If T is adjacent to exactly one light
face (just f ), then f sends 16 to T by R2.2.2(a). If T is adjacent to two light faces, say, f and g (g is either a light 6-face or a
light 10-face), then f sends 13 to T by R2.2.2(c).
5.2. Final charge checking
 Checking for vertices
• Let v be a 3-vertex. By R1, either ch′(v) = ch(v)+ τ(→ v) = −1+ 2× 12 = 0 or ch′(v) = −1+ 3× 13 = 0 according to
v is bad or good, respectively.
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• Let v be a 4-vertex. By our rules, no charge is discharged from or to v, i.e., ch′(v) = ch(v) = 0.
• Let v be a 5+-vertex. By R2.0, ch′(v) = ch(v)− τ(v→) = (d(v)− 4)− t(v)× d(v)−4t(v) = 0.
 Checking for small faces
• Let T be a 3-face. We consider three cases as follows.
1. T is incident with at least two 5+-vertices.
Since G has no adjacent triangles, d(v)−4t(v) ≥ d(v)−4b d(v)2 c ≥
1
2 if v is a 5
+-vertex. By R2.0, ch′(T ) ≥ −1+ 12 × 2 = 0.
2. T is incident with exactly one 5+-vertex, say, v.
Assume that the three adjacent faces of T are f1, f2 and f3. By R2.0, τ(v→ T ) = d(v)−4t(v) ≥ 12 ; By C3 of Lemma 1, R2.1 and
R2.2.1, either τ(f1 → T )+τ(f2 → T )+τ(f3 → T ) ≥ 14+ 14+0 = 12 or τ(f1 → T )+τ(f2 → T )+τ(f3 → T ) ≥ 16+ 16+ 16 = 12 .
Thus, ch′(T ) ≥ ch(v)+ τ(v→ T )+ τ(f1 → T )+ τ(f2 → T )+ τ(f3 → T ) ≥ −1+ 12 + 12 = 0.
3. T is not incident with any 5+-vertex.
Let T = v1v2v3, and let f1, f2, f3 be the faces sharing v1v2, v2v3, v3v1 with T , respectively. We consider four subcases as
follows.
(i) T is a T (4, 4, 4). By the definition of a light face, T is not adjacent to any light faces (including minor faces). If T is
adjacent to at least one heavy 6-face, then, by R2.1 and R2.2.2(a), τ(→ T ) ≥ 23 + 16 ×2 = 1. If T is not adjacent to any heavy
6-face, then, by R2.2.2(c), τ(→ T ) = 13 × 3 = 1. Hence, ch′(T ) ≥ ch(T )+ τ(→ T ) = −1+ 1 = 0.
(ii) T is a T (4, 3, 4). Let f3 be the face sharing a (4, 4)-edge with T . Note that every face adjacent to T is either a 6-face or
a 10+-face, f3 is not light, and at most one of f1, f2 is a 6-face by C3 of Lemma 1. If f3 is a 6-face, τ(f3 → T ) = 23 by R2.1, both
τ(f1 → T ) and τ(f2 → T ) are not less than 16 by R2.2.1 or R2.1. Thus, τ(→ T ) ≥ 1. Assume that f3 is a 10+-face. If T is not
adjacent to any light faces, then τ(→ T ) ≥ 13 × 3 = 1 by R2.1 and R2.2.2(c). If T is adjacent to at least one light face, then
τ(f3 → T ) = 12 by R2.2.2(b), and τ(f1 → T ) + τ(f2 → T ) ≥ 16 + 13 = 12 by R2.1 and the Remark. That is, τ(→ T ) ≥ 1.
Therefore, ch′(T ) ≥ −1+ 1 = 0.
(iii) T is a T (3, 4, 3). Let f3 be the face sharing a (3,3)-edge with T . Note that neither f1 nor f2 is heavy, and neither of them
is light since G has no SΘ . If f3 is a minor 6-face, by R2.2.2(b) and R2.1, τ(→ T ) = τ(f1 → T )+ τ(f2 → T )+ τ(f3 → T ) =
1
2 + 12 + 0 = 1. Otherwise, by R2.2.2(c) and R2.1, we have τ(→ T ) ≥ 13 × 3 = 1. Hence, ch′(T ) ≥ −1+ 1 = 0.
(iv) T is a T (3, 3, 3). By C3 of Lemma 1, T is adjacent to at most one 6-face. If T is not adjacent to any 6-face or adjacent
to a 6-face that is not light, then τ(→ T ) = 13 × 3 = 1 by R2.2.2(c) and R2.1. Assume that T is adjacent to one light 6-face.
Clearly, the 6-face is minor. By R2.2.2(b) and R2.1, we have τ(f1 → T ) + τ(f2 → T ) + τ(f3 → T ) = 0 + 12 + 12 = 1.
Therefore, ch′(T ) ≥ −1+ 1 = 0.
• Let f be a 6-face. By Lemma 2, f is incident with at least one 4+-vertex. By C4 of Lemma 1, f is adjacent to at most one
triangle. We consider three cases as follows.
1. f is incident with at least three 4+-vertices.
Clearly, the total charge discharged from f to its vertices is at most 2× 12 + 13 by R1, and to its possible adjacent triangle
is at most 23 by R2.1. Thus, ch
′(f ) = ch(f )− τ(f →) ≥ 2− 2× 12 − 13 − 23 = 0.
2. f is incident with exactly two 4+-vertices.
If f is not adjacent to any triangle, by R1, ch′(f ) ≥ ch(f ) − 4 × 13 = 2 − 43 > 0. Assume that f is adjacent to exactly
one triangle, say T . There are three possible subcases to be considered: if neither of the two 4+-vertices is incident with T ,
then ch′(f ) ≥ ch(f ) − 2 × 12 − 2 × 13 − 13 = 0 by R1 and R2.1; if only one of the two 4+-vertices is incident with T , then
ch′(f ) ≥ ch(f )− 12 −3× 13 − 13 > 0; if both of the two 4+-vertices are incident with T , then ch′(f ) ≥ ch(f )−4× 13 − 23 = 0.
3. f is incident with exactly one 4+-vertex, say v.
If f is not adjacent to any triangle, then ch′(f ) ≥ ch(f ) − 5 × 13 = 2 − 53 > 0 by R1. Assume that f is adjacent to one
triangle, say T . If v is not incident with T , then f is minor. By R1 and R2.1, ch′(f ) ≥ ch(f ) − 2 × 12 − 3 × 13 − 0 = 0. If v is
incident with T , then f is light but not minor. By R1 and R2.1, ch′(f ) ≥ ch(f )− 12 − 4× 13 − 16 = 0.
• Let f be a 7-face. Since f is not adjacent to any triangle, by R1, ch′(f ) ≥ ch(f )− 7× 13 > 0.
 Checking for large faces
In what follows, we use τ(f → V (f )) and τ(f → T (f )) to denote the total charge discharged from f to its incident
vertices and to its adjacent triangles, respectively.
Before the involving final charge checking for large faces, we make two observations as follows.
Observation 1. Let f be a k-face in G with k ≥ 10, t , the number of triangles adjacent to f , and x, the number of 4+-vertices
incident with f . Then t ≤ k+x2 .
Proof. Suppose that Si is a section of b(f ) that starts at a bad 3-vertex, consecutively passes through xi 4+-vertices along
b(f ) and ends at another bad 3-vertex. Then there are at most xi + 1 triangles that share edges with f in Si. Clearly,
t ≤∑li=1(xi + 1)+ k−x−2l2 = k+x2 , where l is the number of the sections of b(f ) defined above. 
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Fig. 4. Charge checking for 10-faces with one 5+-vertex and nine 3-vertices.
Observation 2. We may assume that all 4+-vertices incident with a large face f are 4-vertices if f has at least two 4+-vertices
because
(1) taking a 5+-vertex as a 4-vertex into account preserves the number of triangles that are adjacent to f and the non-lightness
of f (Light 10-faces are handled with particular way in the discharging procedure);
(2) by our discharging rules, the charge discharged from f to a triangle T across a (k, 5+)-edge ( 14 or
1
6 ) is never larger than what
across a (k, 4)-edge ( 12 or ≥ 16 resp.), namely, τ(f → T (f )) does not decrease;
(3) τ(f → V (f )) does not change.
• Let f be a 10-face. To show ch′(f ) ≥ 0, by Observation 2, we only need to consider two cases as follows.
1. There are nine 3-vertices and one 5+-vertex, say u, in V (f ).
(1.1) u is incident with two triangles, which are adjacent to f .
Clearly, f is adjacent to at most five triangles by Observation 1. If f is adjacent to at most four triangles, then τ(f →
V (f )) + τ(f → T (f )) ≤ 12 × 9 + ( 14 × 2 + 12 × 2) = 6, we are done. If f is adjacent to exactly five triangles,
see Fig. 4(a) and (b), we have τ(f → V (f )) + τ(f → T (f )) ≤ ( 12 × 8 + 13 ) + ( 13 × 2 + 16 + 14 + 12 ) < 6 or
τ(f → V (f ))+ τ(f → T (f )) ≤ ( 12 × 8+ 13 )+ ( 12 × 2+ 13 + 16 × 2) = 6. Hence, ch′(f ) ≥ 0.
(1.2) u is incident with exactly one triangle, which is adjacent to f .
Clearly, f is adjacent to at most five triangles. If f is adjacent to at most four triangles, then f is incident with at most
seven bad 3-vertices. By R1, τ(f → V (f )) ≤ 12×7+ 13×2 = 72+ 23 ; by R2.2.1 and R2.2.2, τ(f → T (f )) ≤ 12×3+ 14 = 32+ 14 .
Hence, ch′(f ) ≥ 10− 4− ( 72 + 23 )− ( 32 + 14 ) > 0. Assume that f is adjacent to exactly five triangles, see Fig. 4(c). We have
τ(f → V (f ))+ τ(f → T (f )) ≤ 12 × 9+ ( 13 × 4+ 16 ) = 6. In a word, ch′(f ) ≥ 0.
(1.3) u is not incident with any triangle, which is adjacent to f .
Clearly, f is adjacent to at most four triangles. If f is adjacent to at most three triangles, then f is incident with at most six
bad 3-vertices. By R1, τ(f → V (f )) ≤ 12×6+ 13×3 = 4; by R2, τ(f → T (f )) ≤ 12×3 = 32 . Hence, ch′(f ) ≥ 10−4−4− 32 > 0.
If f is adjacent to exactly four triangles, then τ(f → V (f ))+ τ(f → T (f )) ≤ ( 12 × 8+ 13 )+ ( 13 × 2+ 12 × 2) = 6 by C4 of
Lemma 1 and R2.2.2. Namely, ch′(f ) ≥ 0.
2. There is no 5+-vertex in V (f ).
By structural property (3) of G, there is at least one 4-vertex in V (f ). According to the number of 4-vertices in V (f ), we
show ch′(f ) ≥ 0 by considering five subcases as follows.
2.1. f is incident with exactly one 4-vertex, say u.
(2.1.1) u is not incident with any triangle, which is adjacent to f .
Clearly, f is adjacent to at most four triangles. If f is adjacent to at most three triangles, then it is incident with at most six
bad 3-vertices. By our rules, ch′(f ) ≥ ch(f ) − τ(f → T (f )) − τ(f → V (f )) ≥ 6 − 3 × 12 − (6 × 12 + 3 × 13 ) > 0.
Assume that f is adjacent to four triangles, then f has eight bad 3-vertices and one good 3-vertex, say v. First, by R1,
τ(f → V (f )) = 12 × 8 + 13 = 133 . Next, consider the charge from f to its adjacent triangles: note that, by Lemma 3,
there is no minor 6-face adjacent to f or incident with u, it means that only the face, which is incident with v and adjacent
to f and to one of the four triangles, is possibly a minor 6-face; that is, by R2, at most two triangles receives 12 from f each.
Thus, τ(f → T (f )) ≤ 2× 12 + 2× 13 = 53 . Therefore, ch′(f ) ≥ 6− 133 − 53 = 0.
(2.1.2) u is incident with exactly one triangle, which is adjacent to f .
Clearly, f is at most adjacent to five triangles. If f is adjacent to at most four triangles, then it has at most seven bad
3-vertices. By our rules, τ(f → V (f )) ≤ 12 ×7+ 13 ×2 = 256 . Let T = uvw be the triangle that is adjacent to f with v 6∈ V (f ),
then v is a 4+-vertex since otherwise G would have an SΘ; namely, the two faces adjacent to T other than f are not minor
6-faces; that is, T receives at most 13 from f . Thus, τ(f → T (f )) ≤ 12 × 3 + 13 = 116 . Hence, ch′(f ) ≥ 6 − 256 − 116 = 0.
Assume that f is adjacent to exactly five triangles, see Fig. 5(a). First, τ(f → V (f )) = 12 × 9 = 92 . Next, no light 6-face is
adjacent to f by Lemma 3 and C4 of Lemma 1, that is, no triangle receives 12 from f . Furthermore, let T be the triangle that
154 Y. Wang et al. / Discrete Mathematics 310 (2010) 147–158
a b c
Fig. 5. Charge checking for 10-faces with one 4-vertex and nine 3-vertices.
is incident with u and adjacent to f . By Lemma 4, f is a unique light face adjacent to T , hence f sends 16 to T by R2.2.2(a). So
τ(f → T (f )) ≤ 16 + 13 × 4 = 32 . Hence, ch′(f ) ≥ 6− 92 − 32 = 0.
(2.1.3) u is incident with two triangles which are adjacent to f .
Clearly, f is adjacent to at most five triangles and has at most eight bad 3-vertices. First, τ(f → V (f )) ≤ 12 × 8+ 13 = 133 .
Next, note that both of the two triangles at u must be T (3, 4, 4) by Lemma 3. That is, neither of them is adjacent to a
minor 6-face, i.e., by R2.2.2, f sends at most 13 to each of the two triangles. If f is adjacent to at most four triangles, then
τ(f → T (f )) ≤ 13×2+ 12×2 = 53 . So ch′(f ) ≥ 6− 133 − 53 = 0. Assume that f is adjacent to exactly five triangles. In this case,
only two possible subcases can happen, see Fig. 5(b) and (c). Note that f is a light 10-face. In 5(b), on one hand, by Lemma 4
and C4 of Lemma 1, f1 is not a light 10+-face, it follows that f is the unique light face adjacent to T1, so τ(f → T1) = 16 by
R2.2.2(a); on the other hand, note that f2 is not a minor 6-face, so τ(f → T2) ≤ 13 by Remark. In 5(c), both f1 and f2 are not
light 10+-faces, it means that f is the unique light face adjacent to T1 and T2, so τ(f → T1) + τ(f → T2) = 16 × 2 = 13
by R2.2.2(a). Henceforth, τ(f → T (f )) ≤ 12 + 13 × 3 + 16 = 53 , or τ(f → T (f )) ≤ 12 × 2 + 13 + 16 × 2 = 53 . That is,
ch′(f ) ≥ 6− 133 − 53 = 0.
2.2. f is incident with exactly two 4-vertices, say u andw.
First observe that f is incident with exactly eight 3-vertices and adjacent to at most six triangles. If f is adjacent to at
most four triangles, then τ(f → V (f ))+ τ(f → T (f )) ≤ 12 × 8+ 12 × 4 = 6, we are done. In what follows, we assume that
f is adjacent to at least five triangles.
2.2.1. uw ∈ b(f ).
(2.2.1.1.) Both u andw are incident with two triangles.
If f is adjacent to exactly five triangles, then it has at most six bad 3-vertices. By R1, τ(f → V (f )) ≤ 12 × 6+ 13 × 2 = 113 .
Since the triangle incident with uw receives at most 13 from f by Lemma 3, C4 of Lemma 1 and R2.2.2, τ(f → T (f )) ≤
1
2 × 4+ 13 = 73 . Hence, ch′(f ) ≥ 6− 113 − 73 = 0. Assume that f is adjacent to exactly six triangles. Clearly, f has eight bad
3-vertices, see Fig. 6(a). By our rules, τ(f → V (f )) = 12 × 8 = 4, τ(f → T (f )) ≤ 13 × 6 = 2. Thus, ch′(f ) ≥ 6− 4− 2 = 0.
(2.2.1.2.) Only one of u andw is incident with two triangles. We may assume that u is incident with two triangles.
Clearly, f is adjacent to exactly five triangles, and there is exactly one good 3-vertex on f , see Fig. 6(b1)–(b4). Clearly
τ(f → V (f )) = 12 × 7+ 13 = 236 . Note that f1 and f2 cannot simultaneously be light faces by Lemma 3. Thus, by R2.2.2, there
are at most three triangles getting 12 from f each. That is, τ(f → T (f )) ≤ 12 × 3+ 13 × 2 = 136 . Therefore, ch′(f ) ≥ 0.
(2.2.1.3.) Both u andw are incident with exactly one triangle.
Clearly, f is adjacent to exactly five triangles, see Fig. 6(c1) and (c2). First note that τ(f → V (f )) = 12 × 8 = 4. If we can
show that there are atmost two triangles getting 12 from f each both in 6(c1) and (c2), then τ(f → T (f )) ≤ 12×2+ 13×3 = 2,
we are done. In 6(c2), the desired statement is obvious. To see the truth of the desired statement in 6(c1): if at least one of
f ′i (i = 1, 2), say f ′1 , is not a minor 6-face, then f sends at most 13 (by R2.2.2) to the triangle, which is adjacent to f ′1 and f , we
are done. Otherwise, both f ′1 and f
′
2 are minor 6-faces. Note that, fi and f
′
i (i = 1, 2) cannot be light faces simultaneously by
Lemma 3, i.e., neither f1 nor f2 is a light face. Hence f sends at most 13 to the triangle, which shares uw with f , we are done.
(2.2.1.4.) The number of triangles adjacent to f and incident with u orw is at most one in total.
In this case, f is adjacent to at most four triangles. As already showed, ch′(f ) ≥ 0.
2.2.2. uw 6∈ b(f ).
(2.2.2.1.) Both u and v are incident with two triangles.
The various possible worst non-isomorphic subcases are depicted in Fig. 7(a1)–(a4). We have either τ(f → V (f )) +
τ(f → T (f )) ≤ 12 × 8+ 13 × 6 = 6 or τ(f → V (f ))+ τ(f → T (f )) ≤ 12 × 6+ 13 × 2+ 12 × 4+ 13 = 6. Namely, ch′(f ) ≥ 0.
(2.2.2.2.) Only one of u andw is incident with two triangles. We may assume that u is incident with two triangles.
Clearly, f is adjacent to exactly five triangles. The various possible worst non-isomorphic subcases are depicted in
Fig. 7(b1)–(b7). In 7(b1)–(b5), f has exactly one good 3-vertex and is adjacent to at most three triangles, which receives
1
2 from f each. Namely, τ(f → V (f )) + τ(f → T (f )) ≤ ( 12 × 7 + 13 ) + ( 12 × 3 + 13 × 2) = 6. In 7(b6) and (b7),
τ(f → V (f ))+ τ(f → T (f )) ≤ 12 × 8+ 13 × 3+ 12 × 2 = 6.
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(2.2.2.3.) Both u andw are incident with exactly one triangle.
Clearly, f is adjacent to exactly five triangles, see Fig. 7(c1)–(c4). By C4 of Lemma 1 and R2.2.2, τ(f → V (f )) + τ(f →
T (f )) ≤ 12 × 8+ 13 × 3+ 12 × 2 = 6.
(2.2.2.4.) The number of triangles adjacent to f and incident with u orw is at most one in total.
In this case, f is adjacent to at most four triangles. As already showed, ch′(f ) ≥ 0.
2.3. f is incident with exactly three 4-vertices.
In this case, f is adjacent to at most six triangles. If f is adjacent to at most five triangles, then τ(f → V (f )) ≤ 12 × 7
and τ(f → T (f )) ≤ 12 × 5. Namely, ch′(f ) ≥ 0. If f is adjacent to six triangles, according to R1 and R2.2.2, either
τ(f → V (f ))+τ(f → T (f )) ≤ 12×7+( 13×5+ 12 ) = 173 or τ(f → V (f ))+τ(f → T (f )) ≤ ( 12×6+ 13 )+( 13×4+ 12×2) = 173 ,
see Fig. 8(a1)–(a8). Therefore, ch′(f ) ≥ 0.
2.4. f is incident with exactly four 4-vertices.
In this case, f is adjacent to at most seven triangles. If f is adjacent to at most six triangles, then τ(f → V (f ))+ τ(f →
T (f )) ≤ 12 × 6+ 12 × 6 = 6. If f is adjacent to seven triangles, then only two possible cases can happen, see Fig. 8(b1) and
8(b2). By C4 of Lemma 1 and R2.2.2, τ(f → V (f ))+ τ(f → T (f )) ≤ 12 × 6+ 13 × 7 = 163 . We are done.
2.5. f is incident with exactly x 4-vertices with x ≥ 5.
Clearly, τ(f → V (f ))+ τ(f → T (f )) ≤ 10−x2 + 12b 10+x2 c ≤ 6. That is, ch′(f ) ≥ 0.• Let f be a k-face with k ≥ 11. According to the number of 4+-vertices in V (f ), we show ch′(f ) ≥ 0 by considering three
cases as follows.
1. There is no 4+-vertex in V (f ).
Clearly, f is odd. If T = xyz is a triangle sharing xy with f , then z is a 4+-vertex since G has no SΘ . This implies that
the two faces adjacent to T other than f are not minor. So τ(f → T (f )) ≤ k−12 × 13 = k−16 . Since f has at most k − 1 bad
3-vertices, τ(f → V (f )) ≤ 12 × (k− 1)+ 13 = k2 − 16 . Therefore, ch′(f ) ≥ k− 4− k−16 − ( k2 − 16 ) = k3 − 113 ≥ 0.
2. There is exactly one 4+-vertex in V (f ), say u.
In this case, f is incident with at most k− 1 bad 3-vertices and adjacent to at most d k2e triangles. By R1, τ(f → V (f )) ≤
1
2 × (k− 1) = k−12 .
If k ≥ 14, then τ(f → V (f ))+ τ(f → T (f )) ≤ k−12 + 12d k2e. Hence, ch′(f ) ≥ k−4− ( k−12 + 12d k2e) = k2 − 12d k2e− 72 ≥ 0,
we are done.
Let k = 12 or 13. If t , the number of triangles adjacent to f , is at most d k2e − 1, then τ(f → V (f )) + τ(f → T (f )) ≤
k−1
2 + 12 × (d k2e − 1) = k2 + 12d k2e − 1; that is, ch′(f ) ≥ k − 4 − ( k2 + 12d k2e − 1) = k2 − 12d k2e − 3 ≥ 0. Assume
that t = d k2e, see Fig. 9. By C4 of Lemma 1 and R2.2, we have ch′(f ) ≥ 13 − 4 − 12 × 12 − 13 × 7 = 23 > 0 if k = 13;
ch′(f ) ≥ 12−4− ( 12 ×10+ 13 )− ( 12 ×2+ 13 ×4) = 13 > 0 or ch′(f ) ≥ 12−4− 12 ×11− ( 12 ×1+ 13 ×5) = 13 > 0 if k = 12.
Let k = 11. If t ≤ d k2e−2 = 4, then τ(f → V (f ))+τ(f → T (f )) ≤ 12 ×10+ 12 ×4 = 7, we are done. If t = d k2e = 6, see
Fig. 10(a), then τ(f → V (f ))+ τ(f → T (f )) ≤ 12 × 10+ 13 × 6 = 7 by C4 of Lemma 1 and R2.2, we are done. Assume that
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Fig. 7. Charge checking for 10-faces with two non-adjacent 4-vertices and eight 3-vertices.
t = d k2e − 1 = 5. According to the number of triangles which are incident with u and adjacent to f , there are three
possible cases under consideration, see Fig. 10(b)–(d). By C4 of Lemma 1 and R2.2, we have τ(f → V (f ))+ τ(f → T (f )) ≤
( 12 × 8 + 13 × 2) + ( 12 × 4 + 13 ) = 7; τ(f → V (f )) + τ(f → T (f )) ≤ ( 12 × 9 + 13 ) + ( 12 × 3 + 13 × 2) = 7; and
τ(f → V (f ))+ τ(f → T (f )) ≤ 12 × 10+ ( 12 × 2+ 13 × 3) = 7, respectively. Anyway, ch′(f ) ≥ 0.
3. There are at least two 4+-vertices in V (f ).
Using Observation 2, we can assume that all 4+-vertices in V (f ) are 4-vertices. Arguing as the case of k = 10, one can
show ch′(f ) ≥ 0. The long tedious details are omitted here.
6. Proof of Theorem 1 and further problems
Suppose that Theorem 1 is not true. Let G be a counterexample to Theorem 1 with order as small as possible. Clearly, G is
connected. Embed G into a plane. We get a connected plane graph G that satisfies the structural properties (1)–(5) stated in
Lemma 5 according to Lemmas 2–4. By Lemma 5, there exists a 2-connected plane graph G′, which has the same structural
properties (1)–(5) as G. However, by Lemma 6, such a G′ does not exist! This proves Theorem 1.
Montassier [6] conjectured that planar graphswithout cycles of length from4 to 6 are 3-choosable. Generally, we propose
further problems in this direction as follows.
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Fig. 8. Charge checking for 10-faces with three or four 4-vertices.
Fig. 9. Charge checking for 12+-faces with exactly one 5+-vertex.
a b c d
Fig. 10. Charge checking for 11-faces with exactly one 5+-vertex.
Problem 1. Does every combination of four lengths of forbidden cycles among {4, 5, 6, 7, 8, 9} with 4 fixed ensure
3-choosability for planar graphs?
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Problem 2. Does every combination of three lengths of forbidden cycles among {4, 5, 6, 7, 8, 9} with 4 fixed ensure
3-choosability for planar graphs?
If not, which combinations do, and which do not?
Note that there are non-3-choosable planar graphs with neither 4-cycle nor 5-cycle, see [6,7,12]. Generally speaking,
constructing a non-3-choosable planar graph without 4- or k-cycles with k ≥ 6 is also of interest. Of course, it is of great
interest to construct a non-3-choosable planar graph without cycles of length 4, i, or jwith i < j and i, j ∈ {5, 6, 7, 8, 9}.
Finally, we conjecture that planar graphs without cycles of length 4, i, or j with i < j and i, j ∈ {5, 6, 7, 8, 9} are
3-choosable.
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